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Abstract

Keywords

In this study, adomian decomposition method (ADM) and reduced differential transform method (RTDM) were applied to
fixed bed catalytic reactor for hydrolysis of ethyl-acetate using amberlyst-15 as a catalyst. The algorithms of ADM and
RTDM were introduced briefly and were examined for non-linear system of partial differential equations (PDE) which
were involved in the study of fixed bed catalytic reactor. Results obtained by both methods were compared with numerical
solution and showed that methods were quit promising for solving such type of non-linear system of PDE.
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1.Introduction

Nonlinear equations are widely used as models to
describe complex physical phenomena and have a
significant role in several scientific and engineering
fields. The reduced differential transform method
(RDTM) was first introduced by Keskin to solve
linear and nonlinear PDEs that appears in many
mathematical physics and engineering applications.
The method provides solutions in an infinite series
form and the obtained series may converge to a
closed form solution if the exact solution exists.

For concrete problems where exact solution does not
exist, the truncated series may be used for numerical
purposes. For nonlinear models, the RDTM has
shown dependable results and gives analytical
approximation that converges very rapidly and in
some cases gives exact solutions [1].

Adomian decomposition method (ADM) is used to
approximate solution of the ODE & PDE equation if
exact solution does not exist. This method first
proposed by American mathematician, George
Adomian with the aims to solve frontier physical
problem, ADM has successfully been applied to
solve many types of both linear and non-linear
functional equations [2].
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1.1 Adomian decomposition method

ADM consists of splitting the given equation into
linear and nonlinear parts, inverting the order
derivative operator contained in the linear operator on
both sides [3], identifying the initial boundary
conditions and the first terms initial approximations,
decomposing the nonlinear function in terms of
special polynomials called Adomian’s polynomials ,
and finding the successive terms of the series solution
by recurrent relation using Adomian polynomials [1].
In this section, ADM is explained. First consider the
nonlinear partial differential equation given in an
operator form[4]:

Lu(x,1) + Lu(x, 1) + R(u(x,1)) + N(u(x, 1)) = g(x, 1), (1)
Where

L. the highest order differential in t

L,:the highest order differential in x

R: contains the remaining linear terms of lower
derivative

N: is an analytic nonlinear term

g: represent an in-homogeneous term (source term)
Rearrange the equation as

Lu(x,t) = g(x, 1) = Lu(x,0)-R(u(x, 1)) -N(u(x,1))  (2)
Applying L;* of both sides of equation (2)

e ) =0-L gbu ) =L Lale ) =L 'Rlule ) ~ L 'Nialx ) (3)
Where the function ® represents the terms arising
from using the given conditions. The adomian
decomposition method depend of decomposition the
unknown function u(x, t) into a sum of infinite
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number of components defined by the decomposition
series:

o0

u(x, t) = ZMH(x, t) 4)
n=0
and the nonlinear term N(u(x, t)) by

N(u(x, 1)) = D4, (5)
n=0

Where A, are the Adomian polynomials that can be
generated for all forms of nonlinearity term by the
- ,n=0,1,2,3....;
n!

relation:
n
'aa i=0 N

the component u,(x, t), n > 0 of the solution u(x, t)
can be determined by using the recursive relation:

(6)

n

uy=0—L, 'g(x1) @)

oy =L Ly 1 R L (R0 @

The n-term approximant u,(x,t) defined by

u(x,t) = Zun(x, t); ©)
n=0

can be used for numerical approximation if closed
form solution does not exist.

1.2 Reduced differential transform  method
(RDTM)

In this section reduced differential transform method

to solve PDAEs will be described [5].

Definition 1. If a function u (x, t) is analytical and
continuously differentiable with respect to time t and
space x in the domain of interest Q, then Reduced
Differential Transform Method (RDTM)

.
Uzl[d

e Zr — 22( >, t)]att:O,xHQ

o~
(10)
is the transformed function of u (x,t).

Definition 2.The differential inverse transform is
defined by

ulx, 1) = >, U(x) " (11)
k=0
Substituting (1) into (2), we deduce that
o 1| & ; (12)
1) = —| — ot 7
u(x, t) A;) k! [ o u(x. )]t_o
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From the above definitions, it is easy to see that the
concept of the RDTM is obtained from the power
series expansion.

The process of RDTM can be described as follows.
(1) Apply the reduced differential transform to the
initial conditions.

(2) Apply the reduced differential transform to the
PDAE to obtain a recursion system for the unknown
function Uy(X),U1(x)......

(3) Use the transformed initial conditions and solve
the recursion system for the unknown functions
Uo(X),Ul(X) ......

(4) Use differential inverse transform formula to
obtain an approximate or exact solution for the
PDAE. The solutions series obtained from RDTM
may have limited regions of convergence, even if we
take a large number of terms.

Table 1 Transformed function of RDTM [5]

Function Transformed

au(x,t) + Pv(x, t) al, (x) & BV, (x)

u(x’ t)v(x, t) i U (x)V, (x)
=0 T

d e+ DU, (%)
57 lux )]

% [u(x, £)] % U (%)
P A" k=n
0 k+a
& i
sin(eor + o) Z‘)!k sin( - + oc)
cos(wr + o) ITk

/c
«
TCOS( > —+ OLJ

2. Mathematical model

To study the hydrolysis of ethyl acetate in fixed bed
reactor [6] which is shown in Figure 1, a one
dimensional model was proposed along with
assumptions of neglecting various controlling
mechanism such as mass transfer control and internal
diffusion control which play a dominant role in the
study of hydrolysis reaction. Many models for solid-
liquid Kinetics was proposed and experimentally
verified but this study focused only a simple power
model which required very less data and easily
verified. The reaction system can be represented as

K
CH,COOC,Hs (A, L) + b H,0 (B, L) 5
CHyCOOH+C,HsOH (13)
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where b is the stiochiometric coefficient. In the
present study two liquid phase reactants (A & B)
react on the surface of solid porous catalyst which is
amberlyst-15 has proven its fruitful significance in
various esterification and hydrolysis reactions.
Literature shows that a very less quantity of work is
carried out in hydrolysis of ethyl acetate especially
when the reaction is performed inside the fixed bed
reactor [7]. Here the first approach was given to
study the kinetic of the reaction which occurs at the
surface of the solid and try to figure out how much
possible error. Secondly, the derived kinetic model
was used in the one dimensional unsteady state
modeling of the fixed bed reactor. The plug flow
reactor’s conditions were pre-assumed and checked
its applicability.

i

!

cAo hs

g )—>
To =2

Figure 1 Schematic diagram of fixed bed reactor

oc, OC,

=—V —kc,
ot OX
(14)
T _ 0T _(AH) AU oo
ot ox  (PCp) VeC,
(15)

Initial conditions: ca (X, t=0)=Cao, T(z ,t=0)=T,
(16)

Boundary conditions: co(Xx=0,t)=Cas, T(z=0,t)=T,

(17)
Transformed the above modelling equations was
done into dimensionless form to reduce the
complexcity of the system .

oc,  OC,
& = ox —dk, exp(—y/T)c, (18)
oT oT

= a—aqk exp(—y/T)c,+(a/z)(Tj—T)
(19)

Write down the equation into the following short
notation form

u :—ux—qkoexp(—%Ju (20)

t

v.=-v_— ogk exp[ Y]u+ (77 —v) ; (21)
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3. Application of ADM

From the given initial condition, zeroth order term
can be selected as

uy(x, 1) =1, vy(x, 1) =1,

For ease drop out the bracket notation x,t

Uy = 1 Vo = 1;

Taking inverse Operator of equation (20),where
O =[0) a

uy =1, [ug | — koal,” (exp( —%JU)

The non-linear term can be expressed as

N(u(x, t)or v(x, t)) = ZA,,
n=0

Where A, is Adomian polynomial
U :_Ltil[qu:l koaL, (Ao)

Y
4, —exp[ —V—OJMO

u, =-kygexp(-v)t

Similarly ,other dependent variable can be handled
v ==L, [vo ] — okeal, " (Ao) + —;L(Z)' — Vo)

vy :7O(k()qexp( -Y)t + i(T] — 1)z

”2:_Lz7][”1x] koal,” (A)
A4, =exp(-v) (vv, +uy)

uy ==kygexp(~y) v[—koonqexp( -y) + %(Tj - 1)] [%) -kyqexp(-7) (;—2”

v, =kygexp(-7) lv{-koomxp(ﬁ) + %(Tj - l}} (%) “kygexp(-y) [é]
st €] -25-1[2)

The final form can be written as

+41754
T

u(x,t) = Zun(x, 1) =uy +up +uy e
n=0
fee]

v(x, t) = Zvn(x, 1) =vy+ v, v, Fe
n=0

4. Application of RDTM

The handling methodology of non-linear term is
similar with different approach. The non-linear tern
can be written as

N(u(x, 1)) :exp[ —%]u = A3(K) + A,3(k — 1) + A4,3(k — 2) +.....
Where
1, k=0

S(k)[ 0 k#0

Taking transformed form of equation (20) and
equation (21) with the help of Table 1.

b+ DU (0) == 5= U(x) — Oqexp[ #]Uk(x)
k
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0 Y .
o V(x) — koqexp[ _W]Uk(X) + %(T/ -7)

Uo(x) =1 Vo(x) =1

(k+ 1)V, (0=

Drop out the bracket notation, can be written as

L/Ofl o =1

o h'd
U, =——F— U, — kogexp| ——— Uy =

—koaexp(—v)
dx Vo o

[l
4 ™ Vo—koqexp[ ;/{ ]U0+-Z—(]]'—VO) =-kygexp(-v) +-Z—(Tj—l)

Ty
0
2U2 :—a U - Oqexp( —y) (U1 + Vly) = - Oqexp(—y) (U1 + Vly)
U2 =— Oqexp( —y) (Ul —+ Vl‘y) [%]
0
20y ==V, = hge(-1) (U, +7y1) + -z-(Tj —1,)= ~kgew(-) (U, +77)

Lig-v
(=)

v, = [—/\»Oqexp(—y)(Ul + 1Y) + %(Tj— Vl)}(%)

w(x, 1) = > Ul = Uy + Uit + U7+
i=o

vix. 2) — > P = vy - i+ P
k=0

ADM
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5. Results & discussion

In this paper, fixed bed catalytic reactor was solved
with ADM and RDTM methods. Due to non-linear
term present, closed form solution did not exist. A
plot with two and three terms was plotted for
concentration and temperature with respect to
dimensionless time to achieve a quit fine accuracy.
Figure 2 shows that the comparison for predicting
concentration between the first two/three terms
obtained by ADM and RTDM, respectively. These
curves show that the both methods have quit good
accuracy along with the close resemblance with
numerical solution, Figure 4. Similarly, Figure 3
shows that the comparison for predicting temperature
between the first two/three terms, However, by
considering only first two terms, results were similar
in both methods but did not convey clear
understanding about the system .To assure this, three
terms was plotted and got reliable perdition about the
outlet behaviour of dimensionless concentration and
temperature with respect to dimensionless time. The
accuracy of the proposed methods was checked by
numerical results, Figure 4, and got good agreement
with these methods.
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Figure 2 A concentration comparisons between ADM and RDTM for first two / three terms
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Figure 3 A temperature comparisons between ADM and RDTM for first two / three  terms
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Figure 4 A plots between dimensionless concentration and temperature with respect to dimensionless n

6. Conclusions and future work

This work presented a comparison between ADM
and RDTM methods to solve system of non-linear
PDE which often arises in chemical and other
engineering field. By solving fixed bed catalytic
reactor problem, both methods presented a handy tool
with a great potential to solve linear/nonlinear PDEs
arise in fixed bed reactor model. It was also shown
that if closed form does not exist, which mostly
occurs if a non-linear term is present, a more accurate
solution can be obtained by retaining few more terms
in the series.

Abbreviations

t : dimensionless time
c, = u: dimensionless time

T = v : dimensionless temperature
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q = ratio of velocity and length
AHT,

CpQC/\O

o : frequency factor

Dimensionless activaton energy

AR & R

o : initial temperature

0

Ao - initial concentration

: axial distance
. UIIDL
\/'QClD

n: k*x+c*t

4]
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