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Abstract

This paper presents dynamic modeling and control for a two-link flexible robot arm. The effort has been made in this
paper to explain singular perturbation theory and its application to flexible robot arm. Flexible manipulators have two
types of motion, rigid and flexible. Using singular perturbation theory, the system is decomposed into a slow subsystem
and a fast subsystem associated with rigid motion and flexible motion respectively under the assumption that the flexible
dynamics are faster than the rigid dynamics. Singular perturbation approach is used to drive the slow and fast subsystems
with two different time scale subsystems for reduced order modeling. Separate controllers are designed for both slow and
fast subsystems. Proportional-derivative (PD) control is used for slow subsystem which tracks the desired trajectory and
also ensures the robustness in the controlled system and linear—quadratic regulator (LQR) is designed for fast subsystem
which damps out the vibration of the flexible arm. The model and control of manipulator have been simulated in
MATLAB. The dynamic model validation and performance of the system with and without controller are presented.
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1.Introduction

Most of the dynamic systems are complex, nonlinear
and time varying. There is variety of control
techniques for dynamic system studies. Singular
perturbation theory is one of the approaches which
has been used for analysis and control of dynamic
systems [1]. It divides the system dynamics into two
parts, slow dynamics and fast dynamics (the solution
of the state equation exhibits the phenomenon that
some variables move in time faster than other
variables, leading to the classification of variables as
slow and fast) and thus lessens the dimensionality of
the system [2]. The fast dynamics includes the inner
loop and slow dynamics forms the outer loop of the
feedback system. For each part, control technique is
applied separately. Thus, singular perturbation theory
is considered as a tool for model order reduction and
separation of time scales in control system design. An
essential issue in the control system design is the
mathematical modeling of a physical system. The
modeling of many systems calls for higher order
dynamic equations which are very complex to solve
mathematically [1].
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The presence of some ‘parasitic’ parameters such as
small time constants, resistances, inductances,
capacitances, moments of inertia, and Reynolds
number, is often the major source for the increased
order and “stiffness” of these systems. Singularly
perturbed systems or multi-time scale systems often
occur generally due to the presence of some parasitic
parameters in the mathematical model of the system
[3]. The major motivation behind the use of singular
perturbation theory to analysis and control of
dynamic systems is the alleviation of the high
dimensionality and ill-conditioning of the system
which causes due to the interaction of slow and fast
dynamics.

Singular perturbation theory is used in many
applications to control problems. It can be used in
aircraft as time scale separation [3] occurs in aircraft
models. Pitch rate control dynamics are faster than
pitch angle control dynamics. So pitch rate is
considered as fast state and pitch angle is considered
as slow state. Singular perturbation theory can also be
applied in robotics [4]. Flexible manipulators have
two types of motion, rigid and flexible. The
interaction of rigid and flexible motions in the
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dynamic equations of the flexible manipulators
makes the system highly complex and hence it
became a challenging and interesting research
problem to control such a manipulator while
controlling a rigid manipulator is much easier than
controlling a flexible manipulator [5]. To rectify the
problem associated with the flexible manipulators,
singular perturbation theory is adopted as a model
reduction tool. With the assumption that the flexible
dynamics are faster than the rigid dynamics, singular
perturbation theory divides the system into two parts:
slow subsystem and fast subsystem associated with
rigid motion and flexible motion respectively. The
controllers are designed for each subsystem
separately. The resulting slow subsystem allows the
determination of a tracking control as for rigid
manipulators [6] and for the fast subsystem a
controller is designed which damps out the vibration
of the flexible structure.

The paper is organized in such a way: The
mathematical analysis of singularly perturbed
systems and two-link flexible manipulator is
provided in Section 2 and 3. Section 4 discusses the
control of flexible arm by singular perturbation
theory. Simulation results are presented and
illustrated in Section 5. The final Section presents the
conclusion and the further scope of the work.

2.Singularly perturbed systems

The systems in which the presence of a small value
parameter is mainly responsible for the degeneration
(or reduction) of dimension (or order) of the system
are named as “singularly perturbed” systems, which
are a special class of two-time scale systems.
Singularly perturbed systems contain a small value
parameter (generally in multiplication with the higher
order dynamic state) that cannot be approximated to
zero value, unlike the regularly perturbed systems for
which an approximation is obtained by simply
putting a small value parameter value equal to zero

2.

A dynamic system is described by

x=f(x,z,u,t,¢) 1)
ez=9(x z,u,t,¢&) 2
where, £ > 0is a small value scalar quantity, and x, z
are slow and fast states respectively and u is control
input.

Singular perturbation theory lessens the model order
by first neglecting the fast dynamics [1]. It then
modifies the considered approximation by
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reintroducing its effects as boundary layer corrections
computed in separate time scales.

For £ =0,
0=g9g(x,Z,0u,t,0) 3)

Equation (3) gives us many roots. Putting a root of

®3)
Z=9(X,0,t) @)

Now, system given in (1) converted to a reduced
model represented as

X = f(X, p(X,0,t),0,t,0) = f(X,T,t) (5)

Since a small value of perturbation parameter &
initiates to the fast convergence of z to a root of (3)
(which is the equilibrium of (2)), this equation is also
called a quasi — steady state model. On the other
hand, as (5) deals with the slow dynamic state x this
model is also called as the slow model.

Putting & to zero, makes the fast variable z
instantaneous and there is no guarantee that the fast
state z will converge to its quasi — steady state. This
convergence must be hold for the validness of our
simplified reduced order model.

Since we want to analyze the convergence of the fast
variable z to its quasi-steady state, it is well suitable

to shift this quasi-steady state i.e. (X, U, t) to the
origin.

In order to shift the quasi-steady state of z to the
origin, we define y as [7]

y=z-¢(X, U,t) (6)
. . . dy dy
With new time variables — = d— , the boundary
T
layer system is obtained as
dy
a:g(t X, y+§0(t’ X), O) (7)

Hence, original singular perturbation problem is
formulated into two subsystems: the reduced model
and the boundary layer model. The first one is related
to the slow state variables while the second one
determines the behavior of the fast transients.
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3.Modeling of two-link flexible
manipulator

A two-link flexible manipulator is considered using

two modes of bending deformation for each link

whose first link is clamped at its base on the rotor of

a motor and second link is loaded with a point mass

at its tip as shown in Figure 1.

hub-1
Figure 1 A planar two-link flexible arm [8]

The Euler-Lagrange approach [9] is used to derive
the dynamic model of the manipulator. Euler-
Bernoulli Beam approach is adopted to model the
flexible links with proper clamped-mass boundary
conditions. Partial differential equations (PDE’s)
obtained through Euler-Bernoulli Beam theory need
to be discretized for analysis, simulation and
development of controllers. So assumed-modes
method (AMM) [6] is used for discretization of
infinite dimensional systems (infinite number of
natural frequencies and mode shapes). The resultant
dynamic model is validated through computer
simulation and various boundary conditions are
applied at the base and at the end of each link to
solve the dynamic model.

The final closed form dynamic equations of motion
of the manipulator after algebraic simplifications can
be presented as [8]

M(a)d+H(q,q)+Ka=7 )

whereq=(6, 6,, 8,, S,, 6,,, 5,,)", 6,and 6, are the

1 Y20 Y11 120
rotation  angles of link-1  and link-2
respectively. 8,,, o, are the bending deflections of

link-1 and o,,, &,, are the bending deflections of link-

21!
2. M is the positive-definite symmetric inertia matrix,
H is the vector of coriolis and centrifugal forces, K is
the stiffness matrix and 7 is the torque. Next, the state
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space model is obtained to make the system analysis
simpler and to find the response of the states w.r.t.
time by solving the system ordinary differential
equations (ODEs). Dynamic model of the two-link
flexible manipulator of each coordinate is of 2nd
order, hence for designing state space model, state
variables are assumed as

X =0, % =6, X, =0y, X, =0y, X5 =0y, X6:622,
X =0, Xe=92: X9=5117 X0 =011 Xy =0y Xpp =0

The state-vector is represented as

.
X:|:X1! Xos X1 Xgy X5y Xga X7, Xgy Xgs Xyor X3, X12:|
The Two-link flexible manipulator dynamics
equations can be rewritten in state space form as

G=M(a) " (z—h(q,6) - Ka) ©)
qﬁxl = ‘]6><6 (q)(rsﬂ - hgxl(q: q) - Kaxeq&d), \] = |nV(M)

4.Control of flexible arm using singular

perturbation approach

The design of control for flexible link manipulators is
challenging and difficult task because they are under-
actuated systems (the number of input variables are
less than degree of freedom of the system) [9]. This
difficulty in control system design is encountered in
many problems where both the links and joints are
flexible since the actuating torque for each link has to
control the flexure of both the link and its
corresponding joint. To cope with the problem
associated with the flexible manipulators, singular
perturbation theory is adopted as a tool for reduced
order controller design [5]. Using singular
perturbation theory, the higher order complex
dynamic system is decomposed into simpler
subsystems at different time scales and controllers are
designed for each subsystem separately [10].

The dynamic model given in (8) can be reconsidered
in singularly perturbed framework as

m (@ M @] [he(a d) Hela a)]
o o 5| |

M.@ M@ |He(a d) Hg(a g

B

where r and f show rigid and flexible part
respectively.

Suppose the singular perturbation parameter <&’ is
defined as
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1

W , where o(.)min denotes the

O0<e<é&max =

minimum singular value of the concerned variable.

5=§:5=55,Kﬁ:gr<ﬁ (11)
&

Applying (11) into (10) results,

(0 wm”eHH”(q ) Ha (o qq+

M@ Me(@| ;5 |He(a d) He(a d)

biirls

For £=0, the reduced order model is obtained

which defines the rigid dynamics or slow subsystem
as

m, (0)6+h, (6,6)=r, (13)
with 3, =—K, (B, (0)+H, (9)) .

where 7 is the slow  torque control for slow

(12)

subsystem and 50 is the quasi-steady state of fast
dynamics.To obtain the fast subsystem, define

/~ Offline AN
! i
]

Reference | Rigid g
Em!effector —! Inverse ' dr,
Trajectory | Kinematics I +

- i

| !

‘\.__ ___________ -

Figure 2 PD control scheme

Using (10), the feedforward compensator is defined
as

m, (8)0+M5+h,0+h,6=r, 17

The coupling effect of rigid body motion and elastic
deformations of flexible link can be ignored in the
(10) to study the effect of flexibility in control
design.

After simplifications, (17) is rewritten as
m, (0)d+h, (0,6)=r, (18)

A PD feedback control at joint space is designed
which is implemented as
179

perturbed variables deviated from slow- manifold as
[10]
§=6-0,7,=67,=puL (14)
where y=\/2 is a small constant used for separate
time scales.
Using the change of variable method with p=t/4 ,
dz, dz

2 T H dt  dp (15)
By applying (14) and (15) into (12), following
equations are obtained.

dz,
&
; P (16)
z ~
d_;: Hy (O)Kiz, —H (07

where 7 is the torque control for fast-subsystem.

4.1PD control

The control architecture of PD control is shown in
Figure 2. It comprises of a feedforward compensator
and a PD feedback control loop.

Feedforward | L Flt_}:nble
] Manipulator v
Compensator B}
System e,
PD Feedback |
control -

m, (+K e +K&)+h, (0,0)=r,

Where, Kp and Kv are the position and velocity error
gains, respectively; e; and €, are the joint trajectory
error at position and velocity level, respectively.

5.Simulation results

The dynamic model of the two-link flexible
manipulator is simulated using ode45 solver in
MATLAB and open-loop responses are presented in
Figure 3. The open-loop responses are found to be
unstable as dynamic model is highly nonlinear and
complex. PD-controller is designed for the system
based on Root-locus loop shaping technique. This
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technique involves dominant pole placement (placing
open-loop poles at proper places) so that the open-
loop model also achieves the robustness in the
performance.

The physical parameters of the two-link manipulator
considered for simulation are given in the Table 1
below.

Table 1 Physical parameters of manipulator [5]

Parameter Value

(i) Mass density p1=p»=0.2 kg/m

(i) Length 1,=1,=0.5m

(iii)Mass  of link and m;=m,=m=0.1kg
payload

El,=El,=1.0N-m?
Jo1=J02=0.02kg-m?
J,=0.005kg-m?

(iv) Flexure rigidity
(v) Rotor inertia
(vi) Payload inertia

Open-loop response

3 r :
2| s
g 2t 7
g /
=151 g
<
S _,_‘/~——ﬁ~__\
= 1r e -
< 4
o
05 ///;/”/ link-1 rotation |4
" / — — —link-2 rotation
u] 05 1 15 2

Time(seconds)

Figure 3 Joint evolution (6,(0)= 8,(0)=0)
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Figure 4 Root-locus plot for pole-placement

From the root-locus as shown in Figure 4, it is
observed that for PD controller gains [2.7, 2.7], the
system exhibits good stability and less settling time.

The tip position of both the links of the flexible
manipulator for PD-controller gains obtained from
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root locus (Kp= Kd= 2.7) are plotted in the Figure 5
shown below.

Closed-loop Response

Tip position

— link-1 tip position

—— link-2tip position ||

0 05 1 15 2 25 3 35 4
. . Time {sec) .
Figure 5 Tip performance using PD- controller

From the above Figure 5, it is observed that good
trajectory tracking is achieved through the
application of PD control using singular perturbation
approach.

6.Conclusion and future work

This paper briefly describes the theory of singular
perturbation approach and its application to flexible
manipulator arm. Since the dynamics of flexible
manipulator involves slow and fast states, singular
perturbation theory has been proved well useful.
The proposed method is useful in modeling and
control of systems in which time-scale separation
occurs. The open-loop model is validated using
mathematical tools. PD-controller is designed for
slow subsystem for tracking control and optimal
control is used for fast subsystem to damp out the
vibrations caused by flexible arm. Nonlinear control
can be attempted using Singular perturbation theory.
Nonlinear contraction theory can be applied for
stability analysis of singularly perturbed systems to
converge slow and fast dynamics at a fine
convergence rate.
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