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Abstract
This paper presents a piecewise linear
approximation method for solving separable

quadratic programming problems by using linear
fuzzy goal programming (FGP) methodology. In the
proposed approach, the objectives are first described
fuzzily by introducing imprecise aspiration level to
each of them. The fuzzy goals are then
characterized by their associated membership
functions for representation of goal achievement in
terms of membership values of fuzzy goals.In the
model formulation of the problem, the defined
membership functions are first transformed into
membership goals by assigning the highest
membership value (unity) and introducing under-
and over-deviational variables to each of them.
Then, the membership goals in quadratic form are
transformed into linear goals by using piecewise
linear approximation method. In the solution
process, minimization of under- deviational
variables in the goal achievement function under
the minsum FGP solution approach is considered.
To illustrate the proposed approach a numerical
example is solved. The model solution is also
compared with the solution achieved by using
Taylor series approximation method.
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1. Introduction

Most of the real-world decision problems are
multiobjective in nature and they conflict to each
other regarding optimization of objectives. To resolve
the conflict, the goal programming (GP) approach
has been introduced by Charnes and Cooper [1] in
1961. The main problem of using GP is that a precise
aspiration level need be assigned for each of the
objectives. But, in a real-life decision situation, it is
difficult to set precise target values to objectives due
to imprecise in nature of human judgments. To
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overcome such a situation, fuzzy programming (FP)
approach has been introduced by Bellman and Zadeh
[2] in 1970. Zimmermann first proposed the fuzzy
linear programming [3] approach in 1978. In FP,
membership functions are defined on the basis of
assigned aspiration levels and tolerance ranges
defined for the fuzzy goals. But, it is difficult to
define tolerance ranges in a highly sensitive decision
situation. To overcome such difficulties, goal
programming approach in fuzzy environment has
been first introduced by Narashimann [4] in 1980.
Thereafter, FGP has been studied extensively [5] by
the active researchers and has been applied to
different real life problems [6, 7].

There are many real-world decision problems in
different structural optimization areas. It is found that
objectives of most of the industrial problems are
nonlinear in nature. To solve such problems, different
classical approaches have been developed and widely
circulated in the literature. One of most widely used
approaches is linear approximation of a nonlinear
function. Two prominent methods of approximation
of functions are Taylor Series approximation method
and piecewise linear approximation method.

Taylor series approximation method is one of the
most widely used for linearization of quadratic
objectives. Taylor series approximation method has
been used by Toksari [8], Pal and Moitra in [9] to the
problems with fractional and quadratic objectives.
But, they are rough approximations methods, and
round-off errors may occur in practical decision
situations.

Separable programming is a special branch of
nonlinear programming where the objectives are
expressed as the sum of separable functions of single
variable. Separable programming was first introduced
by Miller [10] in 1963. Thereafter, it has been
developed by Cox [11], Keha et al. [12], Lin and
Chen [13], Chang [14], Zhang and Wang [15],
Croxton et al. [16], and other researchers. But,
separable programming approach in the area of FGP
is not widely circulated in literature. Generally,
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separable programming problems are transformed
into linear form by using piecewise linear
approximation method [17]. Since piecewise linear
approximation approach approximates functions in a
piecewise manner, the error estimation becomes less
in comparison to the Taylor series approximation
method.

In this paper, the piecewise linear approximation
method are addressed to solve fuzzy multiobjective
quadratic programming problem. In the model
formulation of the problem, first the defined fuzzy
goals are characterized algebraically by introducing
associated tolerance limits. The membership
functions are then converted into membership goals
by taking maximum attainable membership value
(unity) as the target level and introducing under-and
over-deviational variables to each of them. In the
solution process, the nonlinear membership goals in
quadratic form are approximated to linear goals by
using piecewise linear approximation method. The
minsum GP methodology is employed to solve the
problem.

The potential use of the approach is illustrated by a
numerical example.

2. Problem formulation

The generic form multiobjective  separable
programming problem can be presented as:

n
Max Z, (X) = D fii(x;), k=12...K;
j=1

Min Z, (X) = Zn:fkj(xj), k = (Ky +1), (Ky +2),... K

=1
subject to

n

=1

where fi;j(x;) represents univariate quadratic
function of x; and defined as
fii (X}) = 00X +BiXj + 7y
k=12,....K;j=1,2,...nand where o, By, 7j €R
Let b, be the imprecise aspiration level of the k-th

objective Z, (X) (k=1,2,....K).
Then the fuzzy goals take the form as:
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Zk(X) > bk , kzl, 2,....,K1

Z, (X).by k= (Ki+1), (K1+2),....,K
where X is the vector of decision variables, > and .

represent the fuzziness of > and < restrictions
respectively, in the sense of Zimmermann [3].

The Fuzzy goals are characterized by their
membership functions. The membership function for

g (X) 2 by appear as [5]:

1 if Z, (X)>h,,
2=l ifl, <7, (X)<b,,
Hi (X) = by =1y
0 if Z, (X)<I,,
k=1,2,..K,; )

Again, for type of restriction, p, (X) . by takes the
form

1 if Z, (X)<b,,
U2 e 7 <
HE(X) =1 U —by
0 if Z, (X) > Uy,
k= (Ky +1), (Ky +2),...K. 3)

3. Fuzzy goal programming
formulation

In the FGP model formulation of the problem, the
defined membership functions are converted into the
membership goals by introducing under- and over-
deviational variables and assigning the highest
membership value ( unity) as the aspiration level to
each of them. Then, the membership goals can be
presented as:

M-}—d;—d; =1, k:1121""Kl (4)
bk _Ik

and Uy _Zk(x)
U —by
k = (Kl +1), (Kl +2),...,K.

+dy —dg =1 ®)

where dy,d, > 0 represent the under- and over-

deviational variables concerned with achievement of
the aspired level of the k-th membership goal.

In fuzzy goal programming formulation, since
maximum value of the membership function has been
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set as aspiration level, only under-deviation
associated with the respective goals are to be
minimized to achieve the desired solution.

The weighted FGP model can be presented as:

K
Minimize Z:ZWkd; ,
k=1

and satisfy the goal expressions in (4), (5) and subject
to the system constraints in (1), where w, (>0)
represents the weight of importance of unwanted
deviational variable associated with the kth goal and
defined as [5]:

,if w, isdefined asin (2)

,if p isdefined asin (3)
4. Piecewise linearization of
guadratic Goal

The goals in (4) and (5) can be explicitly expressed
as:

1 . B
D fig0) — ]+ dg —dif =1, k=1,2,...K,
bk_lk j=1
and
1 n
L= D T+ di —dic =1
k k =1

k=(K;+1),(K;+2),...K
respectively.

To linearize the quadratic function fy;(x;), the grid
points (break points) for the variable x; (j=1,2,...,n)
are chosen as aj, (p=0,1,...,p;). Introducing new
variablesy;, (p=0,1,...,p;), X; can be expressed
as:

Pj
Xj :Zaipyip
p=1

Pj
where Zyjp =1(yjp20) with aj =I; and
p=0
Then, the piecewise approximated linear form of the
quadratic function f;(x;) (designated as F,;) can be

expressed as:
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Pj
Fig =D Yipfi@jp) (6)
p=0

Using the relation in (6), the executable linear FGP
model can be presented as:

K
Minimize Z:Zwkd;

k=1
S0 as to satisfy
1 : _
b | [Zij_Ik]""dk_ k=1
k 7Tk j=1
k:1,2,...,K1
and
1 n
[ug - Y Fgl+di —di =1
Uy —by 1

k=(K;+1), (K;+2),...K

Pj
where Fy;(x;) = Zyjpfkj(ajp)
p=0

n Pj

subject to ZCij(Zyjpajp)sbi, i=12,...m
=1 p=1

Yip 20 (j=12,..n;p=12...pj)

At most two  y;, may be positive and if two are

positive, they must be consecutive.
To enforce the above condition binary variable
zp,(j=12,..n;p=01,.,p;-1) are to be

introduced. The required restrictions appear as:
Yio =Zjo
Yip £Zjpa+Zjp,Vpe{l,2,..p; -5
yij SZJ'p,'—l
p;-1

szp =1 @
j=0

To illustrate the proposed approach, a numerical
example is solved in Section 5.

5. Numerical example

The maximization problem of two separable quadratic
objectives is stated as:

Maximize Z,(X) = X + X3 + 2%, +1
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Maximize Z,(X)=x?+x35 -1
Subjectto x; +X, <5

X, =21

Xy 22 @®)
Using the constraints in (8), the bounds of the
variables can be obtained as

1<x, <3
Evaluating the best and worst individual solution of

the objectives, the fuzzy goals can be presented as:
Z,(X) 2 20,

Z,(X) > 16

Lower tolerances of the objectives are 15 and 14,
respectively.

Now, membership functions are obtained as:

Hy (X) = @/35)[Z,(x) -15]

2 (X) =(1/2)[Z,(x)-14]

Each of the objective functions can be expressed as

the sum of separable functions which are shown in the
Table 1.

Table 1: Separable functions associated with the

objectives
f11(xq) X2 + 2%,
f12(x2) x5 +1
f1(x0) x?
f22(X3) x5 -1

Introducing under-and over-deviational variables, the
membership goals can be expressed as:

1 _
g[fn(xl) +f15(xy)-15]+d; +d; =1

(10)

The membership goals are quadratic in nature. These
functions are to be reduced in linear form.

To approximate the functions, the sets of grid points
for the variables x;and x; are {1, 1.5, 2, 2.5, 3} and
{2, 2.5, 3, 3.5, 4}, respectively.

Using the proposed procedure the executable FGP
model can presented as:

1 _
E[f21(xl)+f22(xz)—l4]+d2 +d; =1

Minimize Z=1d1’ +1d§
5 2
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so as to satisfy %[F11+F12 -15]+d; +d; =1

Fa1 = Y10 +2.25Y11 +4Y1, +6.25Y13+9Y14

subject to

Y10 +1.5Y11+2Y15+2.5y13+3Y14+
Y20+ 2.5Y51+3Yp, +3.5Y,3+4Y,4 <5
Y10 +1.9Y11+ 2y, +2.5y;3+3y;4 21
Y20 +2.5Y51 +3Y55 +3.5Y 53 +4yp, 22
Yio+ Y11+ Yo+ Yiz+Yia =1
Y20+ Y21+ Y22+ Y23+ Yos =1
Y10 =219
Y11<Z30+2Zpy
Y12 =211 +2y,
Y13<Z1p+2;3
Y14 <713
Y20 =220
Y21=Zp0+ 2y
Y22 <231+ 2
Y2325 +2Zp3
Y24 <233
wherey;, >0 (j=1,2;p=0,1,2,3,4)and
zj, (1=1,2,p=0,1,2,3) are binary variables and
satisfy the conditions presented as:
Zio+Z11+2p+253=1
Zy0+Zy1+2Zy+2Zy3=1

Using the software LINGO (Version 6.0) the problem
is solved and the obtained solution is
X, X5) =1, 4) with (Z,,Z,)=(20, 16)
Then, the resulting membership values are achieved
as:
m =1 p,=1
The results show that the solution is achieved

according to the needs and desires of the decision
maker in the imprecise decision environment.

Note: The function Z, (X) can be approximated by
using first order Taylor series approximation method

about the point X (X, )X, X )as:
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Zy (X, Xgp X)) R Z (XX, X )+

n L0z (X XX
Z(Xj_xj) &, o : L
=i Xj

Now using first order Taylor series approximation
about the point (3, 2), the linear equivalent goals of
the quadratic goals in (10) can be presented as:

(1/5)[8%, +4x, —27]+d; +d; =1
(1/2)[6x, +4x, —28]+d; +dj =1 (11)
Then the executable FGP model can be expressed as:

Minimize Zzldl’ +1d§
5 2

so as to satisfy the goal equations in (11) and subject
to the set of constraints in (8).

Using the software LINGO (Version 6.0) the problem
is solved and the solution is obtained as:

(X1, %) =(32) with (Z,2,)=(20,12)

The comparison of the objective values, obtained by
using the proposed approach and first order Taylor
series approximation, is shown in the Figure 1.

H Proposed
Approach

m Taylor Series
Approximation
Method

Figure 1: Comparison of the objective values
obtained by two different approaches.

The Comparisons show that the solution achieved
under the proposed approach is superior over the
Taylor series approximation approach.

6. Conclusion

In this paper, piecewise linear approximation method
has been employed for solving fuzzy separable
quadratic programming problem. Under the proposed
approach, the accuracy of solution can easily be made
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where needed by increasing the number of grid points
without involving any computational complexity.

The proposed method can be extended to solve linear
fractional programming problems, quadratic fractional
programming problems and bilevel programming
problems with separable objective functions as well as
constraints, which may be the problems in future
studies.

Acknowledgment

The authors are thankful to the Organizing Chair
ICACC 2013, and the anonymous Referee for their
valuable comments and suggestions to improve the
clarity and quality of presentation of the paper.

References

[1] A. Charnes, and W. W. Cooper, “Management
Models and Industrial Applications of Linear
Programming”, Vol. I and Il, Wiley, New York,
1961.

[2] R. E. Bellman, and L. A. Zadeh, “Decision-
Making in a Fuzzy Environment”, Management
Sciences, 17, B141 — B164, 1970.

[31 H. -J. Zimmermann, “Fuzzy Programming and
Linear Programming with Several Objective
Functions”, Fuzzy Sets and System, 1, 45-55,
1978.

[4] R. Narasimhan, “On Fuzzy Goal Programming —
Some Comments”, Decision Sciences, 11, 532 —
538, 1980.

[5] B.B. Pal, B. N. Moitra, and U. Maulik, “A Goal
Programming Procedure for Fuzzy
Multiobjective Linear Fractional Programming
Problem”, Fuzzy Sets and Systems, 139, 395 —
405, 2003.

[6] A. Biswas, and B. B. Pal, “Application of Fuzzy
Goal Programming Technique to Land Use
Planning in Agricultural System”, Omega, 33,
391 — 398, 2005.

[71 M. A. Parra, A. B. Terol and M. V. R. Uria, “A
Fuzzy Goal Programming Approach to Portfolio
Selection”, European Journal of operational
Research, 133, 287 — 297, 2001.

[8] M. D. Toksari, “Taylor Series Approach to Fuzzy
Multiobjective Linear Fractional Programming”,
Information Sciences, 178, 1189-1204, 2008.

[9] B. B. Pal, and B. N. Moitra, , “A Goal
Programming Procedure for Solving Problems
with Multiple Fuzzy Goals Using Dynamic
Programming”, European Journal of Operational
Research, 144(3), 480 — 491, 2003.



International Journal of Advanced Computer Research (ISSN (print): 2249-7277 ISSN (online): 2277-7970)

[10] C. E. Miller, “The simplex Method for Local
Separable Programming”, Recent Advances in
Mathematical programming (R.L. Groves and P.
Wolfe Eds.), 89-100, 1963.

[11] M. G. Cox, “An Algorithm for Approximating
Convex Function by Means of the First Degree
Splines”, Computer Journal, 14, 272-275, 1971.

[12] A. B. Keha,, I. R. Jr. De Fariasr., and G. L.
Nemhauser “Model for Representing Piecewise
Linear Cost Functions”, Operations Research
Letters, 32, 44-48, 2004.

[13] C. C. Lin, and A. P. Chen, “Generalization of
Yang et al.’s Method for Fuzzy Programming
with Linear Membership Functions”, Fuzzy Sets
and Systems, 132, 347-352, 2002.

[141C. T. Chang, “An Efficient Linearization
Approach for Mixed Integer Problems”,
European Journal of Operational Research, 123,
652-659, 2000.

[15] H. Zhang and S. Wang, “Linearly Constrained
Global Optimization via Piecewise-Linear
Approximation”, Journal of Computational and
Applied Mathematics, 214, 111-120, 2008.

[16] K. L. Croxton, B. Gendron, and T. L. Mananti,
“A Comparison of Mixed Integer Programming
Models for Non Convex Piecewise Linear Cost
Minimization Problem”, Management Science,
49 (9), 1268-1273, 2003.

[17] M. S. Bazaraa, H. D. Sherali and C. M. Shetty,
“Nonlinear Programming Theory and
Algorithms”, John Wiley & Sons, Neywork,
1993.

234

Volume-3 Number-1 Issue-8 March-2013

Shyamal Sen is an Assistant Professor
in the Department of Mathematics,
B.K.C. College, Kolkata. He received
the M. Sc. Degree in Mathematics from
University of Kalyani in 1992. He has

- been awarded PhD by the University of
Kalyani in April, 2011. He has
published his papers in different
national and international journals. His

research interests pertain to different areas of

multiobjective decision making in the field of operation
research including chance constrained programming in the
area of soft computing.

Bijay Baran Pal is a Professor in the
Department of Mathematics, University
of Kalyani, India. He received his MSc
in Mathematics, University of Kalyani
in 1979, and then DIT in
computational Mathematics and
Computer programming from Indian
Institute  of  Technology  (lIT),
Kharagpur, India in 1980. He was awarded the PhD by the
University of Kalyani in 1988. He has published a number
of research articles in different national and international
journals including Elsevier Science. He has provided
reviewer services to different international journals and
international conferences. He is an editorial board member
of the journals: International Journal of Applied
Management Science and International Journal of Data
Analysis Techniques and Strategies, Inderscience.com. His
research interests cover different areas of soft-computing,
pervasive computing, and multiobjective decision making
(MODM) in inexact decision environment.




